The Pricing of Purchase Discount Optionsin Taiwanese

Housing Market

Yao-Min Chiang’
Department of Finance
National Chengchi University, Taiwan
Email: ymchiang@nccu.edu.tw

Chia-Hsin Huang
Department of Finance
National Yunlin University of Science and Technology, Taiwan
Email: sing@yuntech.edu.tw

Jay Sa-Aadu
Department of Finance
University of lowa
lowa City, |A 52242
Email: Jsa-aadu@uiowa.edu

Abstract

In this paper, we design a house purchase discount option to promote house sale.  We
are also able to provide the closed-form pricing formula for these new options. This
new designed discount option is especialy suitable for using in a house pre-sae
system. This option can help to promote house sale and also help to stabilize the
developer’s stock price. The purchase discount options are function of two dynamic
price process of house and stock. We follow Asian option pricing approach to derive
the pricing formula. This kind of purchase discount options has potential for wide
application.
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. INTRODUCTION

In July 2001, one Taiwanese developer, SamMon, used a stock and house price
exchange program to promote its project. Homebuyers sell stocks in their portfolio,
and use 22.50%' of the amount to be the house purchase discount. Once
homebuyers sold their stocks, they will have enough cash to buy the house and can
also get some discount.  This approach therefore helped the devel oper to sell houses.
However, this simple form of exchange provides only small effect on home sales.
Also, there is no help on pushing up the developer’s own stock price. In this paper,
we create a more complicate way to further link stock market and housing market.
We believe thereis no similar discussion in the literature.

In this paper, we design a purchase discount options that can help the developer
to sell the house and to pull up its own stock price. Investors buy the developer’s
stock and enter the option contract by paying premium. The house purchase price,
also the exercise price, is determined when the option contract is signed. The
maturity of the option is one year. When investors decide to exercise the option,
they pay the pre-decided price and get a certain amount of discount. The discount is
based on a certain percentage on the stock price at the time when investors decide to
exercise their options.  Investors are assumed to sell the developer’s stock in order to

get enough money to buy the product. This option is able to push up the developer’s

! Thereisapricelimit of 7% in Taiwan's stock market.  (1+7%)%-1=22.50%.



stock price and to promote the product®’. This is a new way to promote pre-sale
house. Surveying the market, we can only see one similar idea being applied in
Taiwan. The purchase discount option we provide in this paper is a new design.
We have found no literature dealing with these problems.

In the paper, we also derive the pricing formula for these purchase discount
options. A closed-form pricing formula in terms of a multivariate normal distribution
is derived under the risk-neutral framework. The purchase discount options are
related to two assets, house and stock. A feature of these options is like that of the
Asian options. We follow Vorst’s (1992) approximation via geometric average to
derive the pricing formula.

This paper is organized as follows. The second section briefly describes the
house market in Taiwan. Section three describes the purchase discount options
design. We provide a closed-form solution for the purchase discount options in

section four. Thelast section is conclusion and suggestion.

[1.HOUSING MARKET IN TAIWAN
Over the past decade, Taiwan's housing market has been suffering a serious

recession. It has become harder to sell a house. The length of house selling

2 This option can be redesigned to replace the manufacture’ stock to any stock or an index.



process is increasing. It was 44 days to close a sale in the year of 1995, but it

increased to 60 days in 2000. Sale deterioration hurts developers performance and

the firms' stock price.  Before 1998, construction stock price index commoved with

Taiwan stock price index. However, after 1998, Taiwan stock price index had

severa booms, and construction stock price index continued to decrease. Most

developers stock prices were only NT$2 or 3, much lower than the face value of

NT$10. Developers and investors really hoped there is a way to push the

developers' stock prices up.

The pre-sale system began to become popular in 1973.  Unlike in Hong Kong,

developersin Taiwan are allowed to sell residential buildings before they are started

to construct or are under construction. The length for starting selling through project

completion is about 24 months. There are four important steps that homebuyers

need to install their payments.

Sian contract Delivery
Construction Under
begins construction

Homebuyers pay their down payment before the property is delivered.



Currently down payment is 30% of the house price. When homebuyers sign the

contract, they have to pay some premium. The second important step is the starting

construction. Homebuyers have to pay some more money. Homebuyers also need

to pay installment when the projects are under construction. Once they properties

are completed and are ready for delivery, homebuyers have to complete the down

payment, and use bank loan to pay 70% of the house price.

This pre-sale system helps homebuyers to finance their purchase. Homebuyers

do not need to pay all of the down payment at one time. They can make an

installment. Also, homebuyers can ask the developers to make some design change

before the building starts constructing.

The pre-sade system provides developers a way to finance the projects.

Therefore, alot of small developers helped to supply residential properties in Taiwan.

This system reduces the hurdle of new entry of suppliers and thus enhances

competition. Small developers are able to use small capital to compete with bigger,

well-financed developers. However, pre-sde housing also associates with

complaints from home buyers in which poor quality of construction.  And sometimes,

developers may stop the projects when they consider there is no profit to make.

Wang, Zhou, Chan, and Chau (2000) consider over-confidence resulted from



pre-sale system contributed to the oversupply problem in Hong Kong. We have no

evidence to conclude same thing happened in Taiwan. However, oversupply

problem really hurts the survival of developersin Taiwan. It is estimated that there

is oversupply of more than 1 million house units in the market at the end of 1999.

To meet with this challenge, developers have to think of new ways to promote their

projects.

In July, 2001, SamMon Developing Company used a new promotion way in their

pre-sadle system. They provide a way to grand discount to homebuyers.

Homebuyers can sell stocks from their investment portfolio and provide the sale

receipt to the developer. The developer will grand 22.5% of the amount homebuyers

sold the stocks as a discount to the house price. This approach is to encourage

potential buyers to cash their stock investment and use the money to purchase the

house. Homebuyers may be lack of cash, but they have investment in the stock

market. They have cash constraint. The developer gave the homebuyers an

incentive to sell stocks and come to buy the house. This promotion approach helped

the developer to sell their houses. However, this approach has no linkage between

the developer’s stock price and house purchase. We need to find a new way that can

help the developer to sell the house and to pull up its own stock price.

1. AHOUSE PURCHASE DISCOUNT OPTIONS



The incentive to design a house purchase discount option isto link the house sale
with the developer’s stock. We want potential buyers to buy the deveoper’s stock
and get house purchase discount based how much they paid for the stock purchase.
Homebuyers show the stock purchase receipt to the developer and get house purchase

discount. Homebuyers then can sell the stocks to pay for the house down payment.

Model A: Purchase Discount
Prospective homebuyer invests in the stock of the developer’s company,

simultaneously signs a contract to buy a house now and receives 22.5% discount on

the amount invested in the stock of the company as discount towards the purchase

price of the house.

® Buy stocks now, sign the contract to buy a house, using 22.50% of the amount
invested in stock as the discount, the ceiling of the discount is 50% of the house
price. i.e. Discount=min(S, ((1+ 7%)° — SO,%)

® current stock price: §,

® net purchaseprice: P, —min(S,((L+ 7%)° - SO,%)

® |f homebuyer sells stocks right after the contract has been signed, thereisno gain
or loss on purchasing stocks. The net cost saving for homebuyersis

min(S, ((L+ 7%)° — So,%)



Model B: Purchase Discount Options

The potential homebuyer buys the developer’ stocks, which entitles the investor

to purchase a house from the developer where the option is exercised a year from now.

The house price is pre-decided at time the option contract is entered, with the exercise

to occur are a later date. Investors buy stock now, and sign an option contract to

purchase the house in ayear. When buyers decide to exercise the option, they get

22.50% of the stock’s market value as the house purchase discount. The ceiling of

the discount is 50% of theinitial purchase price.

Current stock price: S,

Signing the contract: Housing price is determined P,

Option’s maturity: 1 year.

Option premium: C. It is the premium to sign the option contract. When
homebuyers decide to purchase the house, the premium can be a part of the
house payment. If investors decide not to exercise the options, they lose the
money to the developers.

Time t: When investors decide to exercise the options, they can get 22.50% of
the stock market value as the house purchase discount. The ceiling of the
discount is 50% of the exercise price.

Purchase discount: min(S, (1+ 7%)° - S, ,%)



® Net house price: P, —min(S (1+7%)° - S ,%)

A generalized model
Homebuyers buy the developer’s stock,nS,, and enter the option contract by
paying premium. The house purchase price, also the exercise price, K=P,, is
determined when the option contract is signed. The maturity of the option is one
year. Investors can exercise the option at any time before the maturity. When
investors decide to exercise the options, they pay the pre-decided price and get a
certain amount of discount, min(bnS,,dP,). The discount is based on a certain
percentage, b, on the stock price at the time when investors decide to exercise their
options and on a certain percentage, d , of the pre-decided house price. Investors are
assumed to sell the developer’s stock in order to get enough money to buy the
product.
® Investors buy the developer’s stocks. n shares; current stock price:S;; total
amount nS,.
® Signing the option contract: The product’s price is determined at P,. Investors
pay premium C to sign the option contract.
® Option's maturity: 1 year. Investors can exercise the option at any time before the

maturity.



® Attimet, when investors decide to exercise the options,

1. They pay the pre-decided price, P, , to buy the product.

2. They can get a certain percentage, b, of the stock market value as the house

purchase discount. The celling of the discount is a certain percentage, d, on of

theinitial house price.

3. They can sell stocks at the price of S, getting nS, dollars to pay the down

payment.

® Purchase discount: min(bnS,,dR,)

® Net houseprice: R, —min(bnS,dR,)

® Payoff: nS +max[P, — (P, —min(bnS,dPR,)),0]

The portfolio,

strategies t=0 t=t
1.buy stocks nS, nS
2. long acal c max[P, — (P, —min(bnS,,dPR,)),0]

V. PURCHASE DISCOUNT OPTION PRICING MODEL

An investor buys a developer’s common stocks. The developer grants the

investor an option. The option allows the holder to buy the developer’s house with

10



an exercise price, K = P,, and with adiscount of min(bnS,,dP,), matured in a year.

bisaconstant. nisnumber of sharespurchased. d isaconstant.

Payoff of the call options:

C; =max[P, — (K —min(bnS,,dR,)),0]

P -K+dP, if bnS, > dP,,P. > K —dP,

c ) R+bn§-K if bnS, < dP,,P, +bng, > K
] o if bnS, > dP,,P. <K —dP,

0 if bnS <dR,,R, +bnS, <K

Deriving the Pricing M odel
1. We derive the pricing model for the European-style options.
2. For simplicity, weview bnS; asS;and dP, as d

C; =max[R — (K —-min(S;,d)),0]

=max[R, — K +d-max(d - S;,0),0]

P —K+d if S, >d,P, 2K -d

C - P +S -K if S; <dPR +S; 2K
] o if S, >d,P. <K-d
0 if S, <dP +S; <K

We look at the classical setting where besides a riskless bank account with

constant interest rate r, our arbitrage-free market model comprises two assets, stock

and house, whose prices at time t are denoted by S and P,. We assume that their

11



risk-neutral price dynamics are given by the following stochastic differential

eguations:
d?Sl =rdt+o, dWy
il =rdt+o, dW,

t

Where volatilities o, and o, are positive constants and Wy and W, are two
Brownian motions with correlation p . The initial conditions will be denoted by S,
and R, . The price of the purchase option discount, C at time O with date of maturity T

isgiven by the risk-neutral expectation:

C= e_rT EQ[(PT -K+ d)I{Srzd,PTZK—d}] + e_rT EQ[(PT + Sr - K)|{8T<d,PT+STZK}]

According to Girsanov Theorem,
dWS° = dW + o dt
dW,? = dW,] + & pdt
=>when viewing S as the first asset, and P as the second asset, we have
S, =S, exp(r — o2 /2T + 0 AWS] = S, exp[(r + 02 /2)T + 0 AWE]
P =P exp[(r =02 /2T + 0, AWg] =R, exp[(r — o /2T + poo,T +0o AWS

=>when viewing P asthe first asset, and S as the second asset, we have

12



P =PRexpl(r —02% /2T + o ,AWS ] = R exp[(r + o2 /2T + o, AW ]

St =Sy expl(r -0 [T + 0 AWZ] = S expl(r 62 /2T + poo, T + 0 AW ]

Thefirst part of the price formula.
L e E°[(P —K+d)l(s.qpkq]
e TECI(P — K+ d)l (s ap ok ]
=€ TE°[P (s .apok-g] - € TENK—d)l (s qpok a]
a €TEP s apok gl
€ TEIP g apok o] =€ TRETE eI L]
=PP*(P 2K -d,S; >d)
P, >K-d
> P exp[(r + 0} /2T +0, AW ]2 K —d

D[(r+0l /2T +0,AWS] > In(K —d/R,)

_)_Awpi 3 In(Ry/K —d) +(r+c2/2)T _

JTOO o, NT '
S, >d
> S, expl(r -0 /2+ po.o,)T + o AWST] = d/S,
> (r-02/2+ po,o,)T +o AWS] > In(d/S,))

~ AWE - In(S,/d)+(r —052/2+ poo, )T

> < g
N o 1

13



< € TE°[P s sapak-a] = PBN(f1, 01, 0)

b. € TE[(K —d)l s .qpok_q]
e TE[(K —d)l (s g pokq] =€ (K-d)Q(S; 2d, P, > K -d)
P >K-d

>R expl(r -0 /2T + o, AW2 ]2 K —d

>[(r-02 /2T +0,AW3] > In(K —d/R,)

PO 2
AWS _ In(K_d)+(r ol /2T )

< =f
T P~ :

L

S >d
> S expl(r -0 /2T + o, AWS] > d/S,
> (r-c2/2T + o, AWS] > Ind/S,)

AW In(S,/d) +(r—0f /2T _

> <
Neg o AT 9

Q
AWS$ <f AWPT

T z’—?ﬁ 9.)

L@ TEY(K )l 15 apokq] =€ (K- d)Q(-

=e " (K-d)BN(f;,9,.p)

The second part of the price formula.

2. e"EC[(R + S - K)lis capison ]

This part is like an Asian option. We follow Gentle (1994) and Vorst (1992) to
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derive the pricing model.
Rewrite P +S; - K

P
P +S —K =[FT4F,>]-K

F F,
F . F , K
={[ : PT+ : ST]_ }(F1+F2)
F+F, F+F, F.+F,

:{[X1PIT+XZSIT ] - KI}(Fl + Fz)

where,
F
X, = it , Xy=—2—, > X =1
F+F, F+F,
K'e K
F.+F,
P
P,=—, s'T:i
I:1 FZ

F,=Pe", F,=S,e¢"
AP+ S K[ X P+ X,S =K R +F)
Following Vorst (1992),
X,P+X,St = (P S ) —E(PL S %) + E(X P +X,S,)
where, E(X,P+X,S;)=10 F, =E(R) and F,=E(S;)
AP+ S =K ={(P S ) —E(PL S ) + E(X, P +X,S, ) - K (F +F,)
Let K" =K+E(P, S, %)-1
L P +S —K={P, S P—K"}(F, + F,)
e EY[(P + S - K)lis a0k

» XL X2
~e T(F1+ FZ)EQ[(PT ST _K*)I{Sr<d,P-|:X18IrXZZK*}]
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Now, we will derive the mean and variance of (P',”* S *?)

P.T X1 S.TX2 — (PP;rT Xl(SOSeTrT )X2 — (%) Xl(%)XZerT(XlJrXZ) — (%) Xl(%)XZerT
0 0 0

In(P,**S.*%) = xl|n(%)+ X, |n(%)—rT

0

Mean of In(P,** S, *?%)

P =Rexp[(r —o2 /2T +0,AWg and S; =S, exp[(r — o2 /2T + o AWS]]

~a=E[In(PS %) = XlE[In(%)] + XZE[In(%)] —rT

= X, (r —a§/2)T + X, (r o2 /2T —rT = —(xlag/2+ X,c2/2)T
Variance of In(P,** S, *?%)

V2 =Varlin(P' )] = Var[X, IneH) + X, () - rT]

SO
_ X2 Prys x.2 Sr Py inSe
= X, Var[In( P N+ X, Var[In(SO )]+ 2X, X,Cov(In( o ), In(=)]

0

2 2
=X,"0i + X,°0i + 2X, X, po 0

~Meanof P XS ** E(P,* S, ?)=e"/7
Also, wefind

L Xt x2q 1Sty 2 P Sty pSe
Cov(In[P; ™" S ],InSO) COV(XlIn(PO)+X2|n(SO) rT,In—)

- PrynsSe Sty inSc
=Cov(X, In( Po),In S'O)+Cov(X2 In(SO),In So)

— 2
=X,p0,0,+ X,04

Now, back to e (F, + F,)E°[(P, " S =K ")I saoxe. ]

{Sr<d RS 2K}

By Girsanov Theorem, we view P'."**S.*? as the first asset, and S as the second
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asset, we then have
P S = Py S P exp(r — VP /T + VAWR] = Py S exp[(r + V7 /2)T + VAW, ]
S, =S, expl(r -2 /)T + 6 AW2
=S, expl(r — o2 /2T + (X, p0,0, + X,05)T + 0 AWS]
a e (F +F,)E[(P, S )

]

{Sr<d,p s P2k
e (F, +F,)E°[(P, S'sz)l{sﬁdPT.%szK*}]
= (F, +F,)(P S, " *)PR(P 'S . "?> K", S, <d)

= (F, +F,)e"E(P,** S, **)PR (P, ** S, %> K", S, <d)
= (F, +F)e "7 pR(P ' s, **> K", S, <d)

o P,'s *=e"E(P, 'S, *?) givenrisk-neutral,

PS> K
> P S P expl(r + V2 /2)T + VAW ] =K'

> exp[(r +V? /2T +VAW] 2 %
I:)'O S'O
1 X1 1 X2 * 2
AW _In(Py S, JK)+(r+v /2)T:f

T W 3

. In(P',* S /K™Y + (r +v2 /2T _Ine"E(P, S 2)/K)+(r+v? /2T

: wWT WT

17



INE(P, S 7 %) = In(K") =T+ (r +v? /2)T

WT
Ine®/7" —In(K")+v?/2T
- WT
_a—In(K") + VT
WT

S, <d
> S,expl(r — o2 /2T + (X, po0, + X,02)T +0 AWS <d

D (1 —02/2)T + (X, p0,0, + X,0 )T + 0 AWE < |n(%0)

AWE - In(S,/d)+(r —0'52/2+ X,p00, + X,08)T o

>
T o T v

s e T (F +F,)E°[(PL S ) ]

{Sr<d,P-|:XIS;-X22K*}
2 *
_ (F1 n Fz)e—rtea+v /2T PrR(P.Tx1 S.sz >K",S, < d)

=(F + Fg)efrteawz/2T BN(f, —g;,0) where p" = X,po0, + X,o8

_rT Q *
b. e (F +F,)E*[(K )I{Sr<d,PT'XIS}X22K*}]

—rT Q *
e (F1+F2)E [(K )I{Sr<d,PfX13'rszK*}]

—e T (F +F,)(K)Q(S, <d,P. S *?>K")
PS> K

> P S P expl(r - v /2T + VAW 2 K
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> exp[(r - V* /2)T + VAW > XK—

P o 1 S|0X2

AW In(P'," S, /K )+ (r=v* /2T

> < f
JT WT )

. In(P',* S, /K )+ (r=v? /2T Ine"E(P; ™ S,™%)/K")+(r—v*/2)T
‘o WT - WT

CInE(PL ST ) —In(K) =1 T +(r —v?/2)T

- o

Ine®/7" ~In(K")-v? /2T
- T
_a—In(K’)

wWT

S, <d
> S expl(r - o2 /2T + o AW < d/S,
> (r-c2/2T +o AWSL] < In(d/S,)

AWE In(S/d)+(r 02 /AT _

- —
T 0T ”

AT Q *
. e (F1+ FZ)E [(K )I{Sr<d,PT'XIS}X22K*}]

=e (R +F)(K)QS, <d, RS 2K
=e"l (F, + Fz)(K*)BN(fm_gz!p)
So, overall, the price of the purchase discount option is as following.

C; =max[R — K +d-max(d-S;,0),0]
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C=e" EQ[(PT -K+ d)I{Srzd,PTZK—d}] +e EQ[(PT -K+ ST)|{8T<d,PT+Sr2K}]
= RBN(f,,9,,0)- € (K-d)BN(f,,9,,p)

+(F+F)e e TBN(f, —gq,p')- €T (F +F,)(K)BN(f,~g,,p)

Where,
f _In(Ry /K —d)+(r+03 /2T . In(S, /) +(r — o2 /24 poo )T
1 o T s o NT

In( i )+(r—c2/2)T
( __K-d P g _In(S,/d) +(r —o2/2)T
2 o T - T
[ _asInK) eV _InS,/d) +(r—ol/2+ X, poo, + X,08)T
s Vﬁ ’ : Usﬁ
; _a-In(K")
4 V\/?
F,=Pe", F,=S¢", P'T:E, S'T:i

Fl FZ

Xp= i Xy= 2 YIX =1

F+F, F+F,
K'=— " K =K4EP, S, %) -1

F.+F,

E(P, X1 S.sz) _ ea+v2/2T
a=—(X,0%/2+ X, 05 [2T

P =X oo, + X058, V= X0l + X202 +2X,X,p00

V. CONCLUSIONSAND SUGGESTIONS

We design a house purchase discount options for developers to promote their
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projects. This new approach is a linkage between stock and house price. These

options are found to be valuable to homebuyers. Therefore, they are helpful to

developers to sell their house units and push up the developer’s stock price. These

options can be designed as European-style or American-style options. They are

suitable to promote house sade in a pre-sde system. We are able to derive a

closed-form pricing formula for these purchase discount options. This kind of

discount options can have wide application to sell products with alink to an index or a

stock’s performance.
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